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We elaborate two different methods for extracting from data the relative phase of two 
amplitudes of some sequential decays of baryons. We also relate this phase to a particular 
physical angle. Moreover we suggest how to infer some time reversal odd observables from 
data. 
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1. Introduction 

The search for new physics (NP) beyond the standard model (SM) is the main 
goal of present high energy physics. To this end, several facilities have been re- 
alized or planned. At the same time, different methods have been elaborated, in 
order to find hints to NP. In particular, as regards hadron decays, people try to 
single out and measure observables which are sensitive as much as pos sible to d evi- 
ations from the SM. We mention among them the T-odd correlationJU^EIlIS] g^jj(j 
asymmetrieJiElZlSE!^ associated to kinematic var iabl es which change sign at invert- 
ing all momenta and angular momenta involved These may be extracted, for 
example, from sequential weak two-body decays involving more spinning particles 
in the primary decaji^!. This kind of observable, wherever usable, looks more conve- 
nient than direct CP asymmetry, in that it does not de pend so dramatically on the 



; pena so c 

Jii.it 



relative strong phase-shift of the interfering amplitude d * * i It has been employed 
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in some experiment s ^ ^ 1 ^ ^ [ Also T-eyen a symmetries may be quite helpful, although 
almost neglected in the literaturJI^I^II31. 

We have studied in a previous paper single and double asymmetries connected 
with weak sequential decays, in order to infer suitable T-even and T-odd observables, 
sensitive to hints to NP. Here we focus on a particular kind of such decays, consisting 
of two successive weak processes of the type 

J — > a 6, a ^ ai a2- (1) 

Here J, a and ai are spin-1/2 baryons, 5 is a spin-0 or spin-1 meson and a2 a spin-0 
meson. We recall a previous result on these decay^, giving it a simple geometrical 
interpretation. Moreover we elaborate two different methods for extracting from 
data the relative phase of two decay amplitudes; to this end, we define a T-even 
and a T-odd single asymmetry. The convenience of each method depends on the 
available statistics. We note that a nonzero T-odd asymmetry does not necessarily 
imply time reversal (TR) violation; however, if also data of the CP-conjugated decay 
may be analyzed, our methods allow to determine some observables which are odd 
under TR. Obviously, comparing the experimental results of these observables with 
their SM predictions, can in principle help detecting possible discrepancies, and 
therefore signatures of NP. 

Here we list some decays of the type mentioned above, of current interest, to 
which our methods may be applied: 

Ab^A(A+) P{V), A+^A 7r+, S ^ A ^. (2) 

Here P{V) denotes a light, pseudoscalar (vector) meson. We need also correlation 
with the secondary decay of the fermion, that is, e. g., 

A^p TT-, (3) 

or the second decay ([2]), if A+ is observed in the primary decay. Data of such decays 
are available mainly from Fermilab ex perime nts; in partic ular, Af, and Ac decays 
have been investigated recently at CDEfHIiniand 0(1™. For the hyperon decay 
we sig nal refs. |f °|1 9|20[ xhe Af, and Ac decays have raised also a lively theoretical 
interest!™™!, 

as well aa^ 

Eb^Ec PiV), Qb^n, P{V), (4) 

which may be detected at the new facilities, like LHCb. 

The present note is organized as follows. In sect. 2 we introduce suitable refer- 
ence frames for describing the sequential decay. Then we define operatively T-even 
and T-odd asymmetries, giving their analytical expressions in terms of physically 
interesting observables. Lastly, we expose several remarks, illustrating a geometrical 
interpretation of our results, and we describing our first method for determining a 
T-even and a T-odd observable. In sect. 3 we describe an alternative method, suit- 
able in presence of a relatively scarce statistics. Finally, in sect. 4 we show how to 
determine real TR-odd observables, provided data of the CP-conjugated decay are 
available. 
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2. T-odd and T-even Asymmetries 

Here we introduce some T-odd and T-even asymmetries, which can be inferred from 
sequential decays of the type ([Ij . They are defined as 

^ ^ N{p > 0) - N{p < 0) 

N{p > 0) + 7V(p < 0) ' ^ ^ 

where p is a given T-odd or T-even variable and N(p > 0) [N(p < 0)] the number 
of decays such that p is positive (negative). 

Our variables are conveniently defined in suitable reference frames, that we are 
going to define. 



2.1. Reference Frames 

First of all, we recall the definition of a canonical frame, at rest with respect to the 
parent resonance J: 

y=l r, z = i r, x^yxz, (6) 

where Pi„ and pj are, respectively, the momenta of the initial beam and of the 
resonance J in the laboratory frame. 

On the other hand, the secondary decay, i.e. of particle a, is more conveniently 
described in the helicity frame. To this end we define the following three mutually 
orthogonal unit vectors: 

Pa ^ Z X . . , 

\Pa\ |z X Gil 

Pa being the momentum of a in the canonical frame. 



2.2. Asymmetries 

We define the T-odd and the T-even variable respectively as 

Pn = Pai -gn, pT^Pai-er, (8) 

that is, the normal and transverse component of the momentum p^^ of particle oi 
in the rest frame of a. We denote the corresponding asymmetries, defined by Eq. 
dS]), as An and At. Their expressions read^ 

T{n)ANin) - ^WAa'- [3fi(«i/2,oa*_i/2.o)^w + 3(«i/2.o«*_i/2,o)^t], (9) 
r{n)ATm = ^WAa'- [3(ai/2,oa-i/2,o)^^ " 3ft(ai/2.oa-i/2,o)^T]. (10) 



^Eqs. ^ and JTOj differ from those in ref. El by a factor of 2 at the denominator. This is due to a 
different definition of the polarization, coherent with Eqs. II27I I below. 
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Here T{Q) is the differential decay width, fl denoting the direction of the momentum 
of particle a in the canonical frame: as usual, we have set O = (0, 0), where 9 and 
(p are, respectively, the polar and azimuthal angle. Moreover 

W^\Bip'j)\^\B{pl)\'\Bipl)\' (11) 

and the i3(p^)'s are the relativistic Breit-Wigner functions of the resonances, nor- 
malized as 



dp'\B{p'r = 1- (12) 



The ttAa.At's are defined as 



«A„A. = -^=M^==, (13) 

Sa„,A6 I^a„aJ^ 

the A'l^^^^^s being the helicity decay amplitudes of the parent resonance and Xa{b) 
the helicity of particle a{b). Similarly, we have set 



= a^ = ^^^^|L, (14) 

where the 's are the two helicity decay amplitudes of the baryon a. Furthermore 



Tin)^^W{l + PL/^GL), (15) 

where AGl is defined as 

AGl = |ai/2,oP - |a-i/2,oP - |ai/2,il^ + l"-i/2 -iP, (16) 
with ai/2,1 — a_i/2,-i = if the meson b has spin 0. Lastly 

VL=V-eL, VN^P-eN, Vr^V-eT (17) 

are the components according to the helicity frame of the polarization vector V of 
J. These depend on the angles 6 and 0, as we have 

= {sin9cos4>, sin9sin(f),cos9), (18) 

er = {—sin(j),cos(f),0), (19) 

e^v = {—cos9cos4>, ^co.s9.sin(j), sin9). (20) 

2.3. Remarks 

A) Setting 

= ai/2,oa-i/2,0' (21) 

Eqs. ^ and pi?| imply that the quantities and SJF are, respectively, T-even and 
T-odd, since according to our definitions At and Vt are T-even, while An and Vn 
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are T-odd. As explained in the introduction, a nonzero value of S-F would not neces- 
sarily imply TR violation (TRV) , since it may be produced also by strong or electro- 
magnetic final-state interactions (FSI), for example by spin-orbit interactiorPSEZl^ 

jno] 

in the final state. Electromagnetic FSI are small and calculable^. On the contrary, 
strong FSI are sizable and difficult to calculate. We shall see below that, under 
some specific conditions and quite general assumptions, they may be disentangled 
experimentally from the effects of real TR. 
B) Eqs. ([9|) and ([T0|) can be rewritten as 

A'^,m^CR.,{-<^)P^,m. (22) 

Here we have introduced the two-dimensional vectors 

V^ = {Vn,Vt) &nd l'j. = (A^,A^) (23) 

in a plane perpendicular to Pa, with 

A'j^ = A'j^{n) ^T{VL)An{,^), A't ^ A'j.{^) = -V{Sl)AT{n). (24) 

Moreover 

$ = arg{F) (25) 

and i?(— $) is a rotation matrix such that the vector V±_ goes over into the direction 
of A^; it is defined by Rnn — Rtt = cos^, Rtn — -Rnt — sin^. Lastly, C is a 
constant, 

C = ^WAa'-^\F\. (26) 

ZTT 



Therefore we conclude that the vectors ((23)) are connected to each other by a rotation 
by an angle opposite to the relative phase of the amplitude Aj'^j o ^-i/20- 

C) These two-dimensional vectors are observable quantities, which can be in- 
ferred from experiment. In particular, thanks to cqs. ([T7| to ([20]) Vn and Vt are 
related to the components Vx,'Py,Vz of V with respect to the canonical frame. 
These components can be deduced from the density matrix of the parent resonance 
J, 

P±± = ^(l±n), p±^ = \{V,±iVy). (27) 

which in turn can be determined from the differential width of the sequential decay. 
Therefore the modulus |F| and the phase $ - or equivalently and - can be 
deduced from Eqs. (|9|) - (|10|) or ([22]) . $ can be determined independently of the 
constant C: 

tanm = (28) 

The ambiguity of <I> up to vr, which derives from Eq. (pS)) . can be resolved by 
introducing the solution into Eqs. (P^. 
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D) One can show that the asymmetries and Aip do not coincide with the 
components of the polarization of the baryon a, when emitted in a given direction f2. 
However, the normal and transverse components of the polarization of the baryon 
a, averaged over the whole solid angle, read 

n = ^'Pz^fiF, = -^V.^F, (29) 

as is straightforward to check. Note that V^fj^ is T-odd (T-even), since Vz — V- i 
is T-odd according to the second Eq. Result (1^ can be obtained also in a 
different way. Indeed, let us integrate the differential widtlP of the sequential decay 
([1]) over the solid angle $7 and over the polar angle of the momentum of a\ in the 
helicity frame. We get 

r(0i) = ^W{\ + ^Aa^»P,5R(Fe*^0]- (30) 

Here 0i is the azimuthal angle of the momentum of a\ in the helicity frame. Com- 
paring Eq. with the general formula 

r(0i) = ^W{\ + |Aa^»K(p+-e^^O], (31) 

and taking account of Eqs. ([27l) . leads again to formulae (|29|) . Note that, if the 
expression ([50)) is used for fitting data, one can infer the values of and "P^, and 
therefore F . 

Moreover Eqs. ([29]) imply 

- that <I> can be determined independently of V^'- 

tan($) = -V^IV%; (32) 

- that Eqs. ©-(HOl) or ([22|) can be rewritten as 
V(SI)An{^)=C'VI-Vu r{n)ATin)^C"P±xVl-eL, (33) 

where = {V%, V^) and C = 2C/{TrVz). 

E) Lastly, one has to observe that, in the production process of the parent reso- 
nance J, strong interactions contribute only to the ^-component of the polarization 
V, due to parity conservation. At sufficiently high energies, also weak interactions 
contribute, giving rise to nonzero values of the other components. 



3. An Alternative Method 

Now we propose an alternative method, recommended when the available data is 
relatively poor. To this end, we define some integral quantities: 



B^iT) - J dnAN(^T)m, (34) 
AB^(T)=/ sinOdOi - ]Aw(T)(f^), (35) 

Jo Jo Jit 

ABl^ sin9d9[ - ]Aw(t)(^^)- (36) 

Jo J--IT/2 Jir/2 
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Experimentally, these observables amount to 

„ , ^(PJV(T) > 0) - N{pN(T) < 0) 

^N{T) = ± 77 , (•37) 

.o. ^ ^(PiV(T) ■ > 0) - Njp^^T) -Pg < 0) 

^^N{T) = ± ^7 ; (-30 j 

^^iV(T) - ± • (39) 

Here N^ot is the total number of events and the +(~) sign refers to the index N{T) 
of the above quantities. Moreover p"^^^ is the a;(2/)-component of Pa with respect to 
the canonical frame. Inserting Eqs. into yields 

Bn - n^CRNN{~<i>)Vz, Bt = t:''CRtn{-^)V,, (40) 

AB^ = -SCRMT{-<^)r^, AS^ = -^CRtt{-'^)V^, (41) 

AB^ = +SCRNT{-^)Vy, AB", = +8CRTTi-'i>)ry. (42) 



We can determine the phase $ and the modulus |F| from Eqs. (|4i p - p2|) . since 
the polarization of J and the moments P7I) - (|39|) are experimental quantities. In 
particular, the ratio 

r=^= tan($) (43) 
Bn 

allows to determine $ independently of Vz , the ambiguity of the phase being resolved 
by the signs of B^ and Bt- Analogous ratios can be defined from Eqs. (|4ip and 
(1321) • Therefore we can infer the relative phase of the amplitude A"^^^ g to ^;^]^y2 o 
by just determining the moments p7p - ([M)) . 



4. Inferring Time Reversal Odd Observables 

As seen above, ?fiF is T-even, while is T-odd. But 

3?F = |F|cos$, = |F|sm*. (44) 

Therefore $ itself must be T-odd. We set, without loss of generality, 

$ = $e + (45) 

where $e(o) is even (odd) under TR. Therefore, while $o is sensitive to real TRV, 
$e is a consequence of the fak c!3 l "^9 | 30|31 | X-odd effects caused by, say, spin-orbit 
interactions. Now we consider the decay which is CP-conjugated to ((T|) and define 

i^ = a_i/2,oav2^o = l^|e'*, (46) 

where the barred symbols denote the quantities relative to this decay. In particular, 
the phase 

!> = $e + ^o, (47) 
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may be determined by a procedure analogous to the one suggested for the phase $. 
But, if we assume the CPT symmetry, TR-even (TR-odd) terms are also CP-even 
(CP-odd). Then 

*e = *e, *o = -*o. (48) 

The phases $e and $o are observables, as they can be calculated from Eqs. (|45|) . 
(|T7l) and (gS]), resulting in 

$e = l/2($ + $), $o = l/2($ - $). (49) 

While is TR-odd, $e is a fake T-odd observable. Three more TR-odd observables 
can be defined, i. e., 

AFo^\F\-\Fl ARo^^{F-F), A/o = 3(F-F). (50) 

Moreover a further fake T-odd observable is given by 

le^^iF + F). (51) 

It is worth recalling that both real TR-odd and fake T-odd observableJ^^^^Sl are 
equally useful in the search for NP. 

To conclude, we have shown that some baryon sequential two-body decays can be 
exploited for extracting the relative phase and the product of the moduli of the decay 
amplitudes ^'/yj o ^^^^ ^-1/2 '^^ parent baryon J. To this end, we have defined 
two asymmetries. These result to be related to the polarization of J by a rotation 
around the direction of the momentum of one of the two decay products; moreover 
the angle of rotation is opposite to the requested phase. Two different methods are 
elaborated, in order to determine the above mentioned physical observables: they 
are more or less suitable, according to the available statistics. If also data of the 
CP-conjugated decay may be analyzed, some important observables can be inferred, 
useful for singling out possible deviations from the SM. 
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